An efficient lattice Boltzmann method (LBM) on non-uniform Cartesian mesh is presented in this work. In the standard LBM, the uniform mesh is used. To well capture the boundary layer and in the meantime, to save computational effort, many efforts have been made to improve the LBM so that it can be implemented on the non-uniform mesh. On the other hand, LBM has been combined with other numerical schemes to simulate complex flows recently. To solve immersed boundary (IB) problem efficiently, a new version of LBM on non-uniform Cartesian mesh is proposed in this study. A second-order local interpolation is used to calculate the distribution function at a position different from mesh points. The numerical results from the simulation of flow over a circular cylinder compare well with the data in literature.
Introduction
As an efficiently alternative computational technique to the Navier-Stokes (N-S) solver, the lattice Boltzmann method (LBM) 1 has been widely applied for handling various fluid flow problems. Due to the requirement of streaming process, the uniform mesh is used in the application of standard LBM. To remove this drawback and broaden the application range, a lot of improved LBM versions on non-uniform mesh have been developed. Among them, the Taylor series expansion and least squares-based lattice Boltzmann method (TLLBM) 2 is a well-known example. On the other hand, to simulate complex flow problems, it has been popular to combine the LBM with other numerical approaches * Corresponding author.
recently. One of them is the immersed boundary method (IBM). 3 Due to common use of the Cartesian mesh in both methods, their combination is very natural. With the feature of Cartesian mesh, a new version of LBM on non-uniform mesh is proposed in this work. The distribution function at a position different from the mesh points can be easily calculated by using a second-order local interpolation along straight mesh lines. The interpolation coefficients can be easily calculated from analytical formulations due to the Cartesian mesh. The obtained results from simulations of flow over a circular cylinder and a flapping wing indicate that the proposed LBM works well with IBM.
An Efficient Lattice Boltzmann Method on Non-Uniform Cartesian Mesh
The LBM studies the evolution of distribution function and its governing equation is
where f α is the density distribution function, eq f α is its corresponding equilibrium state, τ is the single relaxation time, α e is the lattice velocity, and t ∆ is the time step.
Equation (1) can be rewritten as
where g α is the post-collision state of distribution function. For the non-uniform mesh, t α − ∆ x e may not be the mesh point. As a result, the value of g α at the position t α − ∆ x e has to be obtained first before the streaming process starts. In the Cartesian mesh, it is easy to evaluate this value by using the second-order local interpolation.
In this study, the D2Q9 lattice model is used. As shown in Fig. 1 , 8 moving particles at " " positions, which may not be the mesh points, will stream to the mesh point "•". 
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Consider the evaluation of 1 g firstly. As seen in Fig. 1 
Here, 1 2 3 , , a a a are Lagrange interpolation coefficients. Similarly, 3 g on the vertical mesh line of i x x = can be evaluated by ( 
and 1 2 3 , , b b b also are Lagrange interpolation coefficients. Equations (4) and (5) are the one-dimensional second-order interpolation along the horizontal and vertical mesh lines, respectively. They can also be applied to evaluate 5 g and 7 g . For other positions, which are neither on the horizontal mesh line nor on the vertical mesh line, Eqs. (4) and (5) can be combined to evaluate the distribution function. 1  2  3  1  2  3 , , , , , 
As can be seen from Eq. (9), the interpolation coefficients are only related to the coordinates of mesh points and lattice velocities, and they can be calculated accurately and efficiently. 
Flow over a flapping wing
The flapping wing can be found in insect flight. Compared to fixed wing, flapping wing demonstrates attractive lift enhancement due to unsteady effects. 5 To assess the capability of current method for complex moving boundary problem, the flapping motion of a single elliptical wing is simulated. Figure 2 illustrates the instantaneous vorticity fields produced in one flapping cycle. The attachment and detachment of vortices can be found in the figure, which continuously changes the dynamic force on the wing.
Conclusions
An efficient lattice Boltzmann method on on-uniform Cartesian mesh is introduced in this paper. Based on the second-order local interpolation, the distribution function at the position different from the mesh points is computed. The calculation of interpolation coefficients is very easy due to the use of Cartesian mesh. The simulations of flow over a circular cylinder and a flapping wing demonstrate good performance of present approach when combined with immersed boundary method.
